
Introduction
We apply Bayesian logic to optimally estimate the differential phase in a discrete time, dual interferometer 
measurement.  This method is particularly relevant to the case of a gravity gradiometer, where the gravity 
gradient between cold-atom fountain interferometers can be estimated from the differential phase, despite 
the presence of large common phase (acceleration) fluctuations. Given an accurate model, the bias-free 
algorithm we present is optimal and leverages experimental knowledge of the system noise, classical or 
quantum, to outperform other typical estimators, including ellipse-fitting techniques.  
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Consider the above model of the dual interferometer outputs.  Our goal is to estimate the differential phase 
from a series of such measurements given by a specific noise model.  Each noise is gaussian and white with 
mean zero. Although not necessary, we exclusively consider the case of large common phase noise, 
corresponding to shared acceleration noise in the gravity gradiometer shown in the next frame.

Assume:

Fit and extract differential phase estimate:

where

Problems:
Biased, non-optimal, fails to take advantage 
of knowledge about noise sources.

Example likelihood functions for a model 
with large common phase noise and two 
independent offset noises.  Notice the key
fact that the likelihood functions are bimodal 
because two ellipses pass through any given 
point.

 

The above algorithm is displayed graphically below.  The initial state-of-knowledge distribution (black) 
starts flat, the point k1 corresponding to the red likelihood function is measured, and the subsequent
distribution is derived from the normailized product of the two.  The process is repeated and the 
distribution narrows about the true value of the differential phase (vertical line).

  
 

For noise models of increasing complexity, the calculation of the likelihood functions becomes
computationally inefficient.  There are various approximation methods to deal with this, including 
Monte Carlo methods (for many independent noise sources), and numerically ''zooming'' in on the 
region of parameter space where the distribution is significant.

Conclusion
Although the Bayesian algorithm presents challenges (accurate system identification, efficient numerical 
calculation), it is optimal in principle and improves, sometimes dramatically, upon the method of ellipse-fitting 
in both standard deviation and bias.  In general, the techniques used here apply to a wide variety of phase
estimation problems, and should be employed when the noise processes are sufficiently well known.

The relative performance for 
the case of a single source of 
amplitude noise.  Here, neither 
estimator displays a bias, however 
the Bayesian estimate scales 
more favorably in time (with an 
extra factor of root time) due to its 
knowledge of the noise model.

The relative performance for the
case of differential phase noise.
Both estimates scale as inverse 
root time.  The Bayesian estimate 
improves upon ellipse-fitting in both 
bias and standard deviation.

Relative performance of 
ellipse-fitting (red) and 
Bayesian estimation (green)
at time k=20, where the 
standard deviation (dotted line) 
is given by

and the systematic bias (solid line) 
is given by

Three distinct models are considered, all with large common phase noise and one other source of noise:

The particular problem we consider is general enough to include many applications, including
optical interferometry, networks of gravity wave sensors, and (differential) GPS.  In our case we
are motivated by atom interferometry and, in particular, cold atom gravity gradiometers.

The analogs to beamsplitters and mirrors 
are given by optical Raman pulses which 
impart state-selective momentum kicks to 
form the interferometer path.

The output of each interferometer 
is given by the difference of 
fluorescence measurements 
between the two internal atomic 
states used, with the phase giving 
the local acceleration.

By considering the joint output 
of two sensors separated by a 
baseline, the gradient can be 
measured reliably despite the 
presence of large common 
acceleration noise.

By plotting the sensor outputs parametrically, the otherwise hidden correlation between sensors is revealed 
as an ellipse.  One simple and efficient estimation method is to fit an ellipse to this data and extract the 
differential phase from the ellipticity as follows.

A more fundamental approach to estimate the differential phase is to use knowledge of the noise sources 
along with Bayes' rule to evolve a probability distribution according to the following recursive algorithm.
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